We show that the existential theories of certain algebraic extensions of Q p are decidable in L val , including Q ab p , Q p
Introduction
After the decidability of the p-adic numbers Q p in L val was established by Ax-Kochen [AK65] and Ershov [Ers65] , it was natural to investigate decidability questions around algebraic extensions of Q p , especially those of number-theoretic significance. This program has been successful for Q ur p , the maximal unramified extension of Q p ; see [Koc74] . However, there are many interesting algebraic extensions of Q p with infinite ramification whose decidability problem in L val is still open. These include Q ab p , the maximal abelian extension of Q p and the totally ramified extension Q p (ζ p ∞ ), obtained by adjoining all p n -th roots of unity. These extensions had already been discussed in Macintyre's survey pg.140 [Mac86] and a conjectural axiomatization of Q ab p was given by Königsmann on pg.55 in [Koe18] . Another interesting extension is Q p (p 1/p ∞ ), a totally ramified extension of Q p obtained by adjoining a compatible system of p-power roots of p. The p-adic completion of this object is the standard example of a perfectoid field (see [Sch12] ). The main goal of this paper is to prove the following:
Theorem A. The existential theories of the fields Q ab p , Q p (ζ p ∞ ) and Q p (p 1/p ∞ ) are decidable in L val .
In the discussion below, (K, v) stands for any of the valued fields (Q ab p , v p ),
A practical implication which may be of interest to arithmetic geometers is the existence of an algorithm which decides whether a variety V defined over Q has a K-rational point. The skeleton of the argument consists in the following steps:
Step 1: Prove an existential Ax-Kochen-Ershov principle to reduce the decid-
Step 2: Find the equicharacteristic p approximation L of K by computing O v /p (see the introduction to Section 2 and Lemma 2.1).
Step 3: Further reduce the decidability problem of T h ∃ (K) to T h ∃ (L).
Step 4: Use the existential Ax-Kochen-Ershov principle for equicharacteristic p valued fields (Corollary 7.5 in [AF16]) to conclude that T h ∃ (K) is decidable. Before we start implementing Steps 1-4, let us fix some notation:
Notation
If (K, v) is a valued field, we denote by O v : The valuation ring. If the valuation is clear from the context, we shall also write O K . vK: The value group. Kv: The residue field. Z ur p : The valuation ring of (Q ur p , v p ), the maximal unramified extension of Q p equipped with the unique extension of the p-adic valuation. Z ab p : The valuation ring of (Q ab p , v p ), the maximal Galois extension of Q p whose Galois group over Q p is abelian.
O v /p n : The quotient of O v modulo the ideal generated by p n . L r : The language of rings, i.e. {+, ·, 0, 1}. L oag : The language of ordered abelian groups, i.e. {+, <, 0, 1}.
L val : The language of valued fields, construed as a three-sorted language with sorts for the valued field, the value group and the residue field.
Existential AKE in mixed characteristic
We start with an existential Ax-Kochen-Ershov principle in mixed characteristic. It is a variant of a result due to van den Dries (unpublished) which is briefly discussed on pg. 144 in [vdD12] :
Proof. "⇒": This is clear. We can uniformly convert existential sentences about O v /p n (resp. vK) in L r (resp. L oag ) to existential sentences about K in L val . "⇐": By symmetry, it will suffice to show that (K, v) |= T h ∃ (K ′ , v ′ ). We may further assume (K ′ , v ′ ) is countable by downward Löwenheim-Skolem. We shall embed (K ′ , v ′ ) into an ℵ 1 -saturated elementary extension (K * , v * ) of (K, v). For simplicity of notation, we shall write K for K * . Consider the finest coarsening w of v such that the residue field Kw has characteristic 0. The corresponding valuation ring and value group are
We also consider analogous objects for K ′ . By our assumption on the residue rings, we have embeddings
By our assumption on the value groups, we get an embedding
which descends to an embedding between the quotients
Letv be the induced valuation on the residue field Kw. We then have that
and similarly for K ′ . Claim: There is a ring embedding
Consider the set of formulas in countably many variables x = (x 0 , x 1 , x 2 , ...)
Then
descends to a ring embedding
Ov′ ֒→ Ov which finishes the proof of the claim. This also gives us an embedding
By the equicharacteristic 0 version, we get that
Let (K * , v * ) be an ℵ 1 -saturated extension of (K, v) in the enriched language L that includes valuation symbols for v, w and also for the induced valuation v on Kw. Then ( ‡) gives us an embedding
Also, ( †) and ( * * ) provide us with embeddings
By the relative embedding property for equicharacteristic 0 henselian valued fields (see Theorem 7.1 in [Kuh16] for a more general statement), we can find such an embedding Φ that respects the residue field embedding σ. This will then also be an embedding
This follows from the commutativity of the rectangle below
where the arrows pointing downwards denote the corresponding places. This shows that
which finishes the proof.
Remark 1.2. In particular, when (K, v) is a mixed characteristic henselian valued field, then T h ∃ (K, v) in L val is decidable relative to T h ∃ O v /p n in L r for all n ∈ N and T h ∃ ((vK, vp)) in L oag together with a constant for vp.
Once again the forward direction is easy. For the reverse direction, suppose we have recursive axiomatizations for O v /p n in L r for all n ∈ N and for (vK, vp) in L oag together with a constant for vp. Then the axiomatization of T h ∃ (K, v) is given by the translations of these axiomatizations in L val ; using Theorem 1.1, we see that this axiomatization is existentially complete.
The case where O v /p is perfect is going to be important for us; if K is any of the fields Q ab p , Q p (ζ p ∞ ) or Q p (p 1/p ∞ ), then O v /p is perfect; see Lemma 2.1 for an explicit description of these rings. In this case, we can in fact omit O v /p n for n ≥ 2 in the statement of Theorem 1.1. This is explained below: Recall that given a commutative ring R, the ring W (R) of Witt vectors of R enjoys the following property: Theorem 1.3. Let R be a perfect ring of characteristic p. There is a unique strict p-ring 1 W (R) with residue ring R.
Proof. See Theorem 5, pg.39 [Ser80] .
Also W n (R) := W (R)/p n = (R n , +, ·) is a commutative ring having R n as its underlying set and the ring operations are given by (a 0 , ..., a n−1 ) + (b 0 , ..., b n−1 ) = (S 0 (a 0 , b 0 ), ..., S n−1 (a 0 , ..., a n−1 , b 0 , ..., b n−1 )) (a 0 , ..., a n−1 ) · (b 0 , ..., b n−1 ) = (P 0 (a 0 , b 0 ), ..., P n−1 (a 0 , ..., a n−1 , b 0 , ..., b n−1 )) for suitable polynomials S i , P i ∈ Z[x 0 , ..., x i , y 0 , ..., y i ] which are universal in the sense that they do not depend on R. From this we infer the following:
Proof. LetÔ v be the p-adic completion of the valuation ring, i.e.
A p-ring is a ring R provided with a filtration a 1 ⊃ a 2 ⊃ ... such that a n a m ⊂ a n+m and so that R is Hausdorff and complete with respect to the topology induced by the filtration. If in addition a n = p n R and p is not a zero-divisor, then we say that R is a strict p-ring.
Consequently,
The conclusion follows from Theorem 1.1.
We draw a similar observation to Remark 1.2: ((vK, vp) ) in L oag together with a constant for vp. This follows from Remark 1.2 together with the fact that O v /p n is quantifier-free definable in O v /p in L r , as we saw in the proof of Proposition 1.4. (b) Note also that in many cases the full theory of (vK, vp) is decidable and then we just have that T h ∃ (K, v) is decidable relative to T h ∃ O v /p. This happens for examples with our fields of interest, i.e. Q ab p , Q p (ζ p ∞ ) and Q p (p 1/p ∞ ), where the value groups are ( 1 (p−1)p ∞ Z, 1) for the first two and ( 1 p ∞ Z, 1) for the third one.
The following example shows that we cannot omit O v /p n for n ≥ 2 from the statement of Theorem 1.1 in general:
Example 1.6 (cf. Remark 7.4 in [AF16]). Let π be a uniformizer of Q p (ζ p ), e.g. π = 1 − ζ p . By Lemma 9.1 in [Was97] , there is some b ≡ 1modπ p such that Q p (ζ p , b 1/p ) is an unramified p-degree extension of Q p (ζ p ). In particular, since p|π p , we have b = 1modp. Let K = Q p (ζ p , π 1/p ) and L = Q p (ζ p , (bπ) 1/p ). Applying Propositon 17 in [Ser80] , we get that
and we know that K/Q p is totally ramified.
Our next task is to implement Step 2. We shall analyse O v /p and understand what the equicharacteristic p analogue of K should be in each of the above cases.
Local field approximation
Our way of transferring existential decidability from characteristic p to characteristic 0 is very much in the spirit of the Krasner-Kazhdan-Deligne philosophy of approximating a highly ramified mixed characteristic valued field with an equicharacteristic p valued field. The point of this approximation is that it provides us a framework for reducing certain problems about mixed characteristic objects to the corresponding problems about their characteristic p approximations. Let us illustrate this idea with the example given in the introduction of [Sch12]: Let K = Q p (p 1/p ∞ ) and L = F p ((t)) 1/p ∞ ; roughly speaking, one obtains L from K by replacing p with the formal variable t. These fields exhibit similar number-theoretic behaviour and this is manifested by the isomorphism between their absolute Galois groups
due to Fontaine-Wintenberger. The important thing for us is not the result per se but the idea of its proof: Essentially, the Galois theoretic information about K (resp. L) is encoded in its residue ring modulo p (resp. modulo t).
Then, using the simple observation that
one can construct the isomorphism between G K and G L ; see the introduction of [Sch12] for the details.
Let us now explain how this idea is applicable in a model-theoretic context: By Proposition 1.4, we have that T h ∃ K is encoded in T h ∃ O K /p. The above isomorphism, together with an additional trick that will be explained in the next section, will allow us to eventually encode T h ∃ K in T h ∃ L. This will reduce the decidability problem of T h ∃ K to the decidability problem of T h ∃ L. We now proceed by implementing Step 2 from the program outlined in the introduction:
Applications
We now show how to deduce the existential decidability of K from its equicharacteristic p approximation L. Again, we focus on the case of Q ab p ; the other two cases are similar and in fact easier. The following result is classical and we will only use an easy consequence.
Lemma 3.1 (Equidistribution Theorem). Let α ∈ R − Q. Then (nα) n∈N is equidistributed modulo 1.
We shall only use that (nα) n∈N is dense modulo 1. The crux of the argument lies in the following:
Lemma 3.2. The existential theory
Proof. By Lemma 2.1, we have that
We shall use the following:
Claim: Let f (x), g(x) ∈ F p [x] be multi-variable polynomials in x = (x 0 , ..., x n ). ThenF
Proof: "⇒": Let a ∈F p [t 1/p ∞ ]/t p−1 be such that f (a) = 0 ∧ g(a) = 0 and letã be any lift of a inF p [
and consider the open interval I := (γ 1 , γ 2 ). Applying Lemma 3.1 for α = log q p, where q is a prime different than p, we get n, m ∈ N such that nlog q p − m ∈ log q I ⇐⇒ p n ∈ q m I Consider the embedding
Then f (ρ(b)) = 0modt p n (p−1) ∧ g(ρ(b)) = 0modt p n (p−1)
Let a be the p n -th root of ρ(b) inF p [[t]] 1/p ∞ . We then have f (a) = 0modt p−1 ∧ g(a) = 0modt p−1 Finally note that Proof. This follows from Lemma 3.2 together with Remark 1.2(b).
The above arguments can be adapted for Q p (ζ p ∞ ) and Q p (p 1/p ∞ ) to complete the proof of Theorem A; the equicharacteristic p approximation will be F p ((t)) 1/p ∞ in both cases.
